Thermodynamical Versus Optical Complementarity 
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We establish correspondence between macroscopic thermodynamical quantities and complemen- 
tarity in wave interference. The well known visibility and predictability in a double slit-like ex- 
periment are shown to be connected to magnetic susceptibility and magnetization of a general 
interacting spin chain. This gives us the ability to analyze the tradeoff between thermodynamical 
quantities in the same information-theoretic way that is used in analyzing the wave-particle duality. 
We thus obtain new physical insights into usually complicated thermodynamical models, such as 
viewing a phase transition simply as a change from an effective single slit diffraction to a double slit 
interference. PACS-Numbers: 42.25Hz, 05.70.-a, 05.30.d 



Introduction. Spin chains have been analyzed within 
many contexts in the last hundred years of physics. They 
frequently provide very precise models for solids within 
which one can study their various macroscopic proper- 
ties. Typically one studies the response of solids to dif- 
ferent external conditions, such as the changing magnetic 
field, temperature etc. The standard approach is first to 
construct the Hamiltonian for the chain, which is then di- 
agonahzed through a sequence of transformations. The 
resulting eigenvalues are then used to obtain the parti- 
tion function and from that all macroscopic quantities 
can in principle be derived. 

It frequently happens that the diagonalizing method 
involves highly complicated transformations which do not 
reveal much physics, and ultimately leave very little trace 
in the final quantities such as the heat capacity or mag- 
netic susceptibility. Physicists are not really interested 
in the details of diagonalization, but in the relationship 
between various macroscopic quantities, any tradeoff be- 
tween them and any limitation in the information we 
can have about them. Diagonalization procedure itself, 
however, throws very little light on these issues. Parti- 
tion functions, in particular, do not by themselves reveal 
much about the relationships between derived macro- 
scopic quantities. 

The main purpose of this Letter is to further our un- 
derstanding of thermodynamical quantities by making an 
analogy between optical interference phenomena and the 
summation of the exponential Boltzmann energy factors 
in the partition function (of spin lattice). As we will show 
this analogy helps us to clarify relationships and tradeoffs 
between thermodynamical quantities such as magnetiza- 
tion and magnetic susceptibility in the same way that we 
understand the tradeoff between the interference fringes 
and the "which-path" information in an interferometer. 
Our work is also inspired by the analogy between Feyn- 
man's quantum mechanical propagator and the thermo- 
dynamical partition function 0| . 

The Letter is organized as follows. We first describe 
complementarity in a double slit experiment between the 
"predictability" of the wave/particle going through one 



of the slits and the "visibility" of the interference fringes. 
Predictability and visibility, which will be formally quan- 
tified below, will be our pair of complementary proper- 
ties, so that the better we know one of them, the less we 
can determine the other one. We will then discuss the 
correspondence between double slit interference and the 
thermodynamical partition function for a chain of non- 
interacting two level systems. From that we will argue 
that there is a thermodynamical analogue to the dynam- 
ical double slit complementarity. This thermodynami- 
cal complementarity is seen in a tradeoff relationship be- 
tween quantities such as the magnetization of a system 
and its susceptibility. Roughly speaking, the higher the 
value of one of them, the lower will be the value of the 
other one, in direct analogy with predictability and visi- 
bility. We show that this is a general result that applies 
to more complicated interacting spin chains and allows 
us to understand phase transitions in the same spirit. 

Complementarity in double slit experiments. The 

concept of duality in interferometric or double slit-like 
devices is the basic ingredient of any physical theory of 
waves. It is also at the heart of the quantum mechanical 
wave-particle duality, since in quantum theory waves are 
used to describe matter as well. For simplicity, we will use 
the quantum language to discuss interference, however, 
the whole analysis applies to any (classical or quantum) 
wave theory. The qualitative statement that "i/ie obser- 
vation of an interference pattern and the acquisition of 
which-way information are mutually exclusive'^ has only 
recently been rephrased as a quantitative statement 



V\y) + Vl{v)<l 



(1) 



where the equal sign is only valid for pure states. Vo is the 
fringe visibility which quantifies the sharpness or contrast 
of the interference pattern ("the wave-like property"), 
whereas V denotes the the path predictability, i.e., the a 
•priori knowledge one can have on the path taken by the 
interfering system ("the particle-like property"). Since 
we restrict our analysis to two-path interferometry, the 
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predictability is defined by 

'P = \vi -Pii\ , 



(2) 



where pi and pjj are the probabiUties for taking each 
path {pi +pii = 1). Usually these quantities dependent 
on one external parameter which we label by y. For ex- 
ample consider the double slit experiment for which the 
intensity is given by 



I{y) = F{y) (l + Vo(y)cos(</)(y)), 



(3) 



where Fly) is specific for each setup and 4i{y) is the 
phase-difference between the two paths. The variable 
y characterizes in this case the detector position. Note 
that this formalism applies to many different physical sit- 
uations. In Ref. 3] the authors investigated physical sit- 
uations for which the expressions of Vo{y),V{y) and 4'{y) 
can be analytically computed, i.e. they depend only lin- 
early on the variable y. This included interference pat- 
terns of various types of double slit experiments (y is 
linked to position), but also oscillations due to particle 
mixing {y is linked to time), e.g. by the neutral kaon 
system, and also Mott scattering experiments of identi- 
cal particles or nuclei {y is linked to a scattering angle). 
All these two-state systems belonging to distinct fields of 
physics can then be treated via the generalized comple- 
mentarity relation in a unified way. 

Thermodynamical complementarity. We first illus- 
trate with a simple example how complementary man- 
ifests itself in thermodynamical systems. Suppose that 
we have an ensemble of N two-level non-interacting sys- 
tems, with eigenvalues Ei = E and E2 — —E. Then the 
partition function is 



kT\N 



= 2^cosh^-^ 
kT 



(4) 



This contains all thermodynamical information one can 
extract from the system. Let us first write down the free 
energy as 



F = -kTlnZ = -fcTiVln(2cosh 



A) 



(5) 



Suppose that this describes N spins in an external mag- 
netic field in which case the energy is proportional to the 
magnetic field B, like so i? = fj,B. Now, the magnetiza- 
tion and the susceptibility are given by: 



M 
X 



OF 
dB 

d^F 



2/iiV tanh 



E 
kf 



„ , = 2- cosh ^ — 

dB^ kT kT 



(6) 
(7) 



The crux of our analogy is that M and x behave like 
the predictability and the visibility. More precisely, one 
immediately derives from Eq. © and Eq. {T)) that the fol- 
lowing equation has to hold 



(JL)2 + 2fcr 



X 



(8) 



There is a tradeoff between magnetization and suscepti- 
bility (per spin) at a fixed temperature: the larger one of 
the quantities, the smaller the other one and vice versa. 
Physically, this is to be expected, since higher magneti- 
zation implies a better knowledge of the spin direction 
and, in turn, that different spins are less correlated (in 
the statistical sense); hence susceptibility is smaller. 

In order to compare this with the wave complementar- 
ity (both classical and quantum), we now discuss inter- 
ference pattern from two slits, whose amplitude trans- 
mission function is a Gaussian. The intensity is given 
by 



2cosh{yd/a^)\ 1 



cos (t>iy) 
cosh{yd/a'^ 



where d is the separation of the slits, a is the effective 
width of the amplitude transmission function and 4>{y) 
is the phase arising from the path difference. From this 
formula we can infer that the visibility is given by 



Vo{y) 



1 



(9) 



cosh{yd/a'^) 

The predictability can likewise be derived: 

7'(y) = |tanh(yd/a2)| , (10) 

which obviously fulfills the complementarity relation 
for all y with the equality sign. We can see that the pre- 
dictability has exactly the same functional behavior as 
the magnetization (per spin) in Eq. ® . The susceptibil- 
ity in Eq. Q , on the other hand, behaves in the same way 
as the visibility. Pushing this analogy one step further, 
we can identify the energy of the spins with the position 
variable in the double slit experiment and likewise the 
inverse of the Boltzmann constant k with the slit sepa- 
ration d. In this case, the temperature T corresponds to 
the effective slit width and the energy E would be the 
detector position y. For fixed energy, if the temperature 
is low (corresponding to a narrow slit), the visibility goes 
to zero, and so (from the existing complementarity) the 
predictability achieves the maximum value of one. We 
can also make a different correspondence altogether that 
will be useful in our interferometric understanding of the 
phase transition. The ratio of spin energy to temperature 
E/T could correspond to the detector position y, while 

is the ratio d/a'^. 
General Relationship. We can formalize the trade- 
off between the thermodynamical quantities such as the 
(normalized) magnetization and susceptibility as well as 
the optical quantities such as the predictability and vis- 
ibility. A general way of phrasing the complementarity 
between these is to say that we have a function / bounded 
between —1 and 1 and we compare its square with its 
derivative, /'. More precisely, we would like to know for 
what functions / do we have that 



(11) 
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1/T in various regimes The Hamiltonian is given by: 



FIG. 1: This picture shows an array of double slits which 
in our correspondence is the optical analog to the partition 
function of the XY model. The separation of the two slits 
varies with the cos of the different frequencies = 2nk/N 
in the partition function and the effective slit width is given 
by the Boltzmann constant k divided by the coupling J. The 
thermodynamical limit is obtained by making the array con- 
tinuous in which case the only surviving interference is be- 
tween the upper and lower path (all other cross terms cancel). 
This then reproduces the integral in Eg. 1121 . In one analogy 
different detector positions at the screen correspond to differ- 
ent reciprocal temperatures. Therefore if the temperature is 
high, we have the central maximum of the interference pat- 
tern where both of the paths contribute equally (thermody- 
namically this means that both Boltzmann factors are equal) . 
Remarkably, interference of Boltzmann factors may exist even 
at zero temperature, and this then signifies the point of quan- 
tum phase transition as explained in more detail in the text. 



where for our physical applications a and /3 are non- 
negative constants. The most general solution is 
f{x/a) — ^/]3iai\h{\fp{x/a A- c)}, where c is another 
constant. We can see that the most general solution of 
the above equation has the form of predictability of Gaus- 
sians, or, alternatively, it has the form of a derivative of 
partition function for a two level system. In the optical 
case, the predictability is just the difference between the 
mod squares of the two amplitudes for each slit. Since 
each amplitude is a Gaussian, this quantity behaves like 
the tanh function. In thermodynamics, likewise, the par- 
tition function for a two level system is a sum of the 
exponential Boltzmann factors for the two states which 
is proportional to cosh. When this is differentiated to 
obtain the magnetization, this gives us again the tanh 
function. 

Our general complementarity bound is in fact an in- 
equality of the type p {x / a) + af {x / a) < 1. Some solu- 
tions of this inequality can be constructed from the above 
equality, but we do not have the most general closed form 
solution. Examples of these more general forms are now 
shown to exist in well known lattice models. 

The XY Heisenberg Model. This model has been ex- 
tensively used in many situations and has been analyzed 



H 



N 



N 

1=1 



This Hamiltonian was diagonalized in ^ by a sequence of 
complicated transformations. In the large A'^ limit (which 
is what we are always interested in when it comes to 
computing thermodynamical quantities) one derives the 
following partition function 

1 Z I 
lim -r7ln(— tt) = — lncosh(C — 2iircos(a;))(iu; 

N >ac l\l 2 TT Jq 

(12) 

where K = J/2kT, C = fj,B/kT and w = 2TTk/N are the 
frequencies of the Fourier transformed fermionic creation 
and annihilation operators. The free energy is 

F 1 r 



NkT 



1 r 

- \n2cosh{C -2Kcos{uj))dLU 

Jo 



and so the magetization and the susceptibility are: 
tanh(C — 2K cos{uj))du! , 
--[ cosh-^iC -2Kcos(Lu))duj . 

' Jo 



M _ 1 

Nfi TT Jo 

xkT 1 r 



Consequently, we obtain the following complementary re- 
lation {C{oj) = C- 2Kcos{lo)) 



tanh^ {C (lo)) + cosh'-^iC {uj))duj = 1 



1 



We see that the form of these quantities is now more 
complicated. For each uj the visibility is given by a 
cosh- function corresponding to a double slit experiment, 
however, the susceptibility per spin, i.e. the measurable 
quantity, is the sum of all visibilities squared. This we 
can illustrate by a series of double slits as in FigQ] where 
we set for simplicity B — and interpret the inverse 
temperature 1/T as the detector position and j as the 
constant effective slit width. Each of the double slits in 
the series gives rise to its own predictability and the total 
predictability is an integral over all individual ones. The 
integration is over different slit separations corresponding 
to the value of cos(u;). 

Phase transitions. Our correspondence between wave 
optics and thermodynamics allows us to understand and 
interpret phase transitions in an elegant and transpar- 
ent way. Briefly stated, for a phase transition to oc- 
cur in thermodynamics we need the interference in the 
corresponding optical setting to appear from a pattern 
that is otherwise effectively a single slit diffraction. If we 
never have "interference" between two different Boltz- 
mann contributions then we can conclude there is no 
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FIG. 2: This figure sliows the magnetization, susceptability 
and the resulting complementarity relation of the transverse 
Ising model depending on the magnetic field for different tem- 
peratures (blue = kT small; coupling fixed to J = 3). The 
quantum phase transition occurs at J = -B for low tempera- 
ture, where the complementarity relation is most interesting 
because both terms contribute. Away from this point either 
or both of the complimentary quantities become small. 

phase transition for that thermodynamical model. The 
simplest example where there is no interference is the one 
dimensional Ising model whose Hamiltonian is given by 

H = -JJ2<'t^^+l-^^BJ2'^t ■ (13) 

i i 

The partition function has contributions of two eigenval- 
ues A+ > A_, however, in the large N Umit, only the 
larger of the two eigenvalues survives: 

F=llog(A^ + A^^)^-=5°logA+ (14) 

This model is therefore never a two level system and 
hence there is no phase transition. 

On the other hand, the Ising model where the external 
field is in the x instead of the z direction (a transverse 
field) behaves very differently. Its free energy is given by: 



— — = - / log(2 cosh y^K^ + C2 - 2KC cos uj)duj , 
NkT TT Jq 

and it has a more complex, nonlinear dependence on B 
than previously considered. The derived magnetization 
and susceptibility still satisfy the same complementar- 
ity as can be seen from Fig. [3 Contrary to the Ising 
model, we now obtain two different domains of behavior. 
Above the critical external field we have no interference 



and this corresponds to the disordered phase (the vis- 
ibility is low). At the point of critical field value, the 
interference appears and we begin to have an ordered 
phase (here both predictability and visibility contribute 
significantly as can be seen in Fig|21) . We stress that this 
quantum phase transition happens at zero temperature, 
and so the interference is not simply due to the equality of 
Boltzmann factors introduced by the high temperatures 
irrespectively of the energy eigenvalues. The interference 
at high temperatures does also lead to an increase in visi- 
bility, but this has no relation to the phase transition. So, 
the disorder-order transition represents a change from an 
effective single slit diffraction to a double slit interference 
scenario. The relationship between degeneracy and crit- 
icality is also important for classical phase transitions as 
is reviewed in detail in and our analysis can equally 
well be applied here. 

Conclusions. By viewing the behavior of complex ther- 
modynamical systems as a double slit interference pat- 
tern we can gain various insights into the complicated 
interplay between macroscopic properties of solids. This 
analogy allows us to trace this interplay directly back to 
the exponential factors in the partition function which 
plays the same role as the amplitude transmission func- 
tion does in optics (or the density matrix in quantum 
mechanics). A natural next step would be to explore 
more dimensional systems and make an analogy with a 
multi slit diffraction grating. It would be also beneficial 
to exploit this analogy in the other direction, such as 
defining the free energy for the optical case. 

We believe that our work helps us develop an intuition 
as to which methods of diagonalization can be success- 
fully applied to which models and why some methods fail 
for some scenarios. For example, in 1931 Bethe used a 
complicated procedure (Bcthe's ansatz 7]) to diagonalize 
the one dimensional Ising model. He concluded his work 
by saying that the application of the same procedure to 
the two dimensional model was forthcoming in the next 
paper. However, this paper never happened. From our 
analogy we understand now that the one dimensional 
Ising model exhibits no interference phenomena and is 
therefore intrinsically simple. The critical behavior ex- 
isting in the two dimensional model, on the other hand, 
depends crucially on the interference which cannot be 
handled through Bethe's ansatz (it requires a more com- 
plicated method invented by Onsager and reviewed in 

i). 
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